The class of Nevanlinna functions consists of functions which are holomorphic off the real axis, which are symmetric with respect to the real axis, and whose imaginary part is nonnegative in the upper halfplane. The Kac subclass of Nevanlinna functions is defined by an integrability condition on the imaginary part. In this note a further subclass of these Kac functions is introduced. It involves an integrability condition on the modulus of the Nevanlinna functions (instead of the imaginary part). The characteristic properties of this class are investigated. The definition of the new class is motivated by the fact that the Titchmarsh-Weyl coefficients of various classes of Sturm-Liouville problems (under mild conditions on the coefficients) actually belong to this class.
Introduction
The class N of Nevanlinna functions is the collection of functions Q(z) which are holomorphic on C \ R, have the symmetry property Q(z) = Q(z), and for which the kernel Q(z) − Q(w) z −w , z,w ∈ C \ R, z =w, is nonnegative. The general Nevanlinna functions Q(z) ∈ N coincide with the Titchmarsh-Weyl coefficients of 2 × 2 trace-normed canonical systems of differential equations on the half-line [0, ∞); see [1] - [4] , and also [13] . The Kac class N 1 is the collection of all Nevanlinna functions Q(z) for which (1.1) For more on these classes, see [11] , [12] , [7, Section 1] . It has been shown recently (see [8, Theorem 3.1] , [9, Theorem 4.1] ) that under mild conditions all but one of the Titchmarsh-Weyl coefficients of a Sturm-Liouville operator −DpD + q on the half-line [0, ∞) in the limit-point case belong to the Kac class N 1 . This statement remains valid for a class of Sturm-Liouville problems where the eigenvalue parameter appears rationally in the leading coefficient; cf. [10, Theorem 5.1].
In fact, the arguments in [8] , [9] , [10] show that the corresponding Titchmarsh-Weyl coefficients have additional properties. To describe these properties, the class M 1 is introduced, which consists of all functions Q(z) ∈ N for which there exists a number c ∈ R such that
This class parallels the class M 0 of all Q(z) ∈ N for which there exists a number c ∈ R such that sup
In this note the characteristic properties of functions in the classes M 1 and M 0 are investigated.
Nevanlinna functions
Recall that Q(z) ∈ N if and only if Q(z) has the integral represention
where β ≥ 0, α ∈ R, and σ(t) is a nondecreasing function on R for which
cf. [5, p. 20] , [12] . The fractional linear transformation
A function Q(z) ∈ N belongs to N 1 if and only if Q(z) has the integral representation
where γ ∈ R and σ(t) is a nondecreasing function on R for which
in which case γ = lim y→∞ Q(iy); see [12, Theorem S1.3.1]. Note that in this case the integral representation (2.1) reduces to the form (2.4) with 
New subclasses of Nevanlinna functions
Let M 1 denote the class of Nevanlinna functions Q(z) ∈ N satisfying
The class of all functions Q(z) ∈ N for which (3.1) holds with c ∈ R will be denoted by M 1 . (ii) Assume that (3.1) holds with c 1 and c 2 . Then
The proof of (iii) is similar to the proof of (ii). 
(v) This follows from (iv) and [12, Theorem S1.3.1].
As to (iii) in Theorem 3.1, it seems to be unknown if there is a function Q(z) ∈ M 1 for which Q(iy) does not have a limit as y → ∞. Observe that (v) in Theorem 3.1 implies that M 1 ⊂ N 1 . The following example shows that this inclusion is strict.
Hence, the function
However, observe that for y ≥ 1,
and thus If Q 0 (z) is a Nevanlinna function and c ∈ C with Im c ≥ 0, then also
However, the situation is different for c ∈ R, as the following example shows.
Example 3.6. Let α = β = 0 and dσ(t) = (1 − cos t) dt in (2.1). Then the integrability condition (2.2) is satisfied and the Nevanlinna function Q(z) in (2.1) is given by
In order to calculate this absolutely convergent integral, observe that 
Characterizations of M 1
Recall that if Q(z) ∈ M 1 , i.e. (3.1) holds with c ∈ R, then Q(z) has the integral representation (2.4), where σ(t) is a nondecreasing function which satisfies (2.5) and where γ = c. It has been shown that the class M 1 is a proper subclass of N 1 . A precise characterization of M 1 is now given. Observe that if σ(t) is a nondecreasing function on R such that
then the integrability condition (2.5) is satisfied. Proof. An obvious modification of the argument in the proof of Theorem 4.2 shows that 
exists and is finite. In Sturm-Liouville problems the functions Q τ (z) appear as Titchmarsh-Weyl coefficients associated with appropriate boundary conditions. The exceptional value τ = −1/γ in Proposition 5.1 corresponds to the generalized Friedrichs extension; this extension coincides with the usual Friedrichs extension if the underlying symmetric operator is semibounded; cf. [6] , [7] , [8] , [9] , [10] .
Fractional linear transformations

